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Abstract
In the paper two different arc-colourings and two associated with the total colourings of digraphs are considered. In one of these
colourings we show that the problem of calculating the total chromatic index reduces to that of calculating the chromatic number of
the underlying graph. In the other colouring we ﬁnd the total chromatic indices of complete symmetric digraphs and tournaments.
© 2006 Elsevier B.V. All rights reserved.
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1. Notations and statement of problems
Let us consider a digraph D = (V (D),A(D)) without loops and multiple arcs.
For a digraph D, v ∈ V (D) we deﬁne the sets of adjacent vertices as follows:
N+(v) = {w : (vw) ∈ A(D)},
N−(v) = {w : (wv) ∈ A(D)},
N(v) = N+(v) ∪ N−(v).
With the above deﬁned sets we associate also some numbers:
d±D(v) = |N±(v)|,
d ′D(v) = |N(v)|.
We put
±(D) = max{d±D(v), v ∈ D},
′(D) = max{d ′D(v), v ∈ D}.
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One may consider two kinds of arc-colourings of digraphs. The ﬁrst one deﬁned in [1] is the following one. The
colouring of a digraph D is of the ﬁrst type if no two arcs (uv), (vw) are coloured with the same colour. In other words,
it is a function:
c : A(D) −→ {c1, . . . , cn},
such that for any (uv), (wz) ∈ A(D)
if c(uv) = c(wz) then v = w.
It is natural to consider also the following colouring of arcs of a digraph (called a colouring of the second type—see [4])
such that no pair of arcs (uv), (wv) and no pair of arcs (vu), (vw) is coloured with the same colour. In other words, it
is a function
c : A(D) −→ {c1, . . . , cn},
such that for any (u1v), (u2z) ∈ A(D), u1 = u2
if c(u1v) = c(u2z) then v = z
and for any (vu1), (zu2) ∈ A(D), u1 = u2
if c(vu1) = c(zu2) then v = z.
Similarly as in the deﬁnition of the chromatic index of graphs we deﬁne chromatic index of a digraph D of the ﬁrst
type (respectively, of the second type) to be the minimal number of colours necessary for colouring D of the ﬁrst
(respectively, second) type. The problems of calculating the chromatic indices of the ﬁrst (respectively, second) type
were considered in [1,2] (respectively, [4]).
Analogously, as in theory of graphs we may consider a total colouring of the ﬁrst (respectively, second) type to be
a function c : A(D) ∪ V (D) → {c1, . . . , cn} such that c|A(D) is a colouring of the ﬁrst (respectively, second) type,
and no two adjacent objects are coloured with the same colour, i.e. the equality c(u) = c(v) implies that (uv) /∈A(D),
(vu) /∈A(D) and the equality c(uv) = c(w) implies that u = w and v = w.
The minimal number of colours necessary for a total colouring of the ﬁrst (respectively, second) type of a digraph
D is called the total chromatic index of the ﬁrst (respectively, second) type and is denoted by −→1 ′′(D) (respectively,−→2 ′′(D)).
Two types of the total colourings of digraphs are the most natural counterparts of the important notion of the total
colouring of graphs. Therefore, their study seems to be quite natural.
If we remove in the deﬁnition of the total colourings of digraphs the assumption that no adjacent vertices could be
coloured with the same colour then we get so-called pseudototal colourings of digraphs (see [6]).
Below we shall deal with special types of digraphs such as complete symmetric digraphs K∗n and tournaments.
The complete symmetric digraph K∗n is a digraph spanned on n vertices and deﬁned as follows:
V (K∗n) = {v1, . . . , vn}, A(K∗n) = {(vivj ) : i = j, 1 i, jn}.
A digraph T is called a tournament if the following holds:
for any u, v ∈ V (T ), u = v ((uv) ∈ A(T ) iff (vu) /∈A(T )).
A digraph T T n is called a transitive tournament if
V (T T n) = {v1, . . . , vn}, A(T T n) = {(vivj ) : 1 i < jn}.
Let us also deﬁne a digraph −→K m,n as follows:
V (
−→
K m,n) = V1 ∪ V2
where V1 ∩ V2 = ∅, |V1| = m, |V2| = n, m, n> 0 and A(D) = V1 × V2.
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For a digraph D we also denote the following underlying graph G˜(D):
V (G˜(D)) = V (D),
{u, v} ∈ E(G˜(D)) if and only if (uv) ∈ A(D) or (vu) ∈ A(D).
It is trivial to see that
(G˜(D))−→j ′′(D), j = 1, 2, (1)
where (G˜(D)) denotes the chromatic number of G˜(D).
We shall see that in the case of the total colouring of the ﬁrst type the inequality (1) may be, in most cases, replaced
by the equality, whereas in the other case the situation will be much more complicated.
2. Total colouring of the ﬁrst type
Our ﬁrst result is the following:
Theorem 1. If (G˜(D))5 or (G˜(D)) = 1 then
−→1 ′′(D) = (G˜(D)).
If (G˜(D)) = 4 then
−→1 ′′(D) ∈ {4, 5}.
If (G˜(D)) = 3 then
−→1 ′′(D) ∈ {3, 4, 5}.
If (G˜(D)) = 2 then
−→1 ′′(D) ∈ {3, 4}.
Proof. The case (G˜(D) = 1 is trivial. Now let us deal with the case (G˜(D))5. There is a vertex colouring of the
graph G˜(D) with colours c0, . . . , ck−1, where k = (G˜(D)), so we may colour elements from V (D) with k colours
so that no two adjacent vertices are coloured with the same colour. Therefore, it is sufﬁcient to colour additionally the
arcs from A(D) with the help of these k colours but so that the ﬁnal colouring is the total colouring of the ﬁrst type.
Let us deﬁne Vj = {v ∈ V (D) : v is coloured with cj }, j = 0, . . . , k − 1. Obviously, the following equality holds
V (D) = V0 ∪ · · · ∪ Vk−1. Moreover, it follows from the deﬁnition of the vertex colouring that if u, v ∈ Vj , u = v for
some j, then (uv) /∈A(D).
Let us consider the digraph D˜ deﬁned as follows:
V (D˜) = {V0, . . . , Vk−1}, A(D˜) = {(ViVj ) : i = j}.
In other words, the digraph D˜ is a symmetric complete digraph with k vertices.
To ﬁnish the proof it is sufﬁcient to colour the arcs of the digraph D˜ so that the colouring obtained was the colouring
of the ﬁrst type and the arc (ViVj ) was coloured neither with the colour ci nor with the colour cj . Having such a
colouring of D˜ we colour the arcs (uv) ∈ A(D), where u ∈ Vi , v ∈ Vj with the colour c(ViVj ). Let us remark that
the problem may be reduced to the problem of ﬁnding a matrix satisfying some properties. Namely, it is sufﬁcient to
construct a matrix A= (aij )i,j∈Z2k (Zk ={0, . . . , k−1} and +k denotes the addition modulo k) such that aii =0, i ∈ Zk
and for any i, j ∈ Zk , i = j there exists l = l(i, j) ∈ Zk such that ail = 1 and ajl =−1. In fact, assuming the existence
of such a matrix A we colour the arc (ViVj ) with the colour cl (where l is as above) we obtain the colouring with the
desired properties.
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We claim that the matrix A deﬁned as follows:
aij =
{0 if i = j,
1 if j = i+k1 or j = i−k1,
−1 otherwise
has the desired properties. Let us write down the matrix A explicitly:
A =
⎡
⎢⎢⎢⎢⎣
0 1 −1 · · · −1 1
1 0 1 −1 · · · −1
...
...
...
...
...
...
−1 · · · −1 1 0 1
1 −1 · · · −1 1 0
⎤
⎥⎥⎥⎥⎦ .
Below we verify that the desired properties are satisﬁed by A. Let us ﬁx i, j ∈ Zk , i = j . Our aim is to ﬁnd an l ∈ Zk
such that ail =1 and ajl =−1. We know that ai(i+k1) =ai(i−k1) =1. Because k = 4 it cannot happen that both equalities
i+k1 = j−k1 and i−k1 = j+k1 hold, so aj (i+k1) and aj (i−k1) do not equal simultaneously 1. Suppose that none of
these numbers equals −1. Then at least one (even more, exactly one) of these numbers equals 0. If aj (i+k1) = 0 then
j = i+k1 and, consequently, j−k2 = i−k1. So aj (j−k2) = −1 (because j−k2 /∈ {j−k1, j, j+k1}, if k > 3). Similarly,
if aj (i−k1) = 0 then j = i−k1 and, consequently, j+k2 = i+k1. So aj (j+k2) = −1 (because j+k2 /∈ {j−k1, j, j+k1},
if k > 3). In both cases we arrive at a contradiction.
If (G˜(D)) ∈ {3, 4} then in view of the ﬁrst part of the theorem the following inequality holds −→1 ′′(D)5, which
ﬁnishes this case.
Let us assume that (G˜(D))=2. Having given a vertex colouring of the digraph D (i.e. a vertex colouring of the graph
G˜(D)) with colours c0 and c1 we colour the arcs (uv) ∈ A(D) as follows. If c(u)= cj (j ∈ {0, 1}) then c(uv)= c3−j .
Such a colouring is a total colouring of D of the ﬁrst type with four colours. It gives the inequality −→1 ′′(D)4. The
inequality 3−→1 ′′(D) is trivial. 
In view of Theorem 1 the problem of calculating the total chromatic index of the ﬁrst type boils down to the problem
of ﬁnding the chromatic number of the graph G˜(D) (if the number is larger than 4).
It turns out that Theorem 1 is best possible in the sense that all the numbers admitted by this theorem are actually
attained. Below we give suitable examples.
Example 2. The digraphs T T 2 and K∗2 show that in case (G˜(D)) = 2 the total chromatic index of the ﬁrst type may
be equal to 3 and to 4.
Consider the case (G˜(D)) = 3. Taking the oriented cycle with three vertices −→C3 we have −→1 ′′(−→C3) = 3.
To construct an example with (G˜(D)) = 3 and −→1 ′′(D) = 4 put
V (D) = {v0, v1, v2}, A(D) = {(v0v1), (v1v0), (v1v2), (v2v0)}.
Let us remark that −→1 ′′(K∗3 )= 5. In fact, suppose that we can colour totally K∗3 with four colours. Three colours out
of these four (say c0, c1 and c2) will be used for colouring the vertices of K∗3 . Therefore, with each of these colours we
may colour at most one of the arcs of the digraph. With the fourth colour (say, c3) we may colour at most two arcs of
the digraph. Therefore, we may colour with these colours at most ﬁve arcs. But K∗3 has six arcs—contradiction.
Note that (G˜(T T 4)) = 4 and one may easily verify that −→1 ′′(T T 4) = 4. On the other hand, in view of the earlier
considerations on K∗3 and Theorem 1 −→1 ′′(K∗4 ) = 5.
Corollary 3. The following formula holds:
−→1 ′′(K∗n) =
{
n if n5 or n = 1,
n + 1 if n = 4,
n + 2 if n = 2 or n = 3.
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V(T)  = 2
V(T)  = 3
V(T)  = 4
3 2
1 3
3 3
2 1 3 2
2 21 1
1 3
3 34 41 4 11
4 2 3 4 2 3
2 1 3 2
1 3 2 1 3 2
2 2
4 1 4 411
4 2 3 4 1 3
Picture 1.
Corollary 4. If T is a tournament then
−→1 ′′(T ) =
{ |V (T )| if |V (T )|3 or |V (T )| = 1,
|V (T )| + 1 if V (T )| = 2. .
Proof. By Theorem 1 it is sufﬁcient to verify the claim for |V (T )| equal to 2, 3 or 4, which, however, can be easily
done by studying all the possible tournaments on 2, 3 and 4 vertices separately (see Picture (1)).
Remark 5. The considerations in the proof of Theorem 1 lead us to the following conclusion. Let us ﬁx a number m.
Let a digraph D be such that m = (G˜(D)). If there is a matrix A ∈ {−1, 0, 1}m×n such that aii = 0 and for any i = j
there is an l such that ai,l = 1, aj,l = −1 then it can be coloured (totally of the ﬁrst type) with nm colours.
Let us remark that in the case of complete digraphs the condition on the existence of such a matrix is not only sufﬁcient
but also necessary. Nevertheless, in the general case it may happen that the condition on the matrix is not satisﬁed
but the desired colouring may exist (even in the case of symmetric digraphs, i.e. digraphs such that (uv) ∈ A(D) iff
(vu) ∈ A(D))—see Picture (2).
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Picture 2.
3. Total colouring of the second type
In addition to the inequality (1) let us consider the following obvious lower estimate for the total colouring of the
second type:
max{+(D),−(D)} + 1−→2 ′′(D). (2)
Below we shall show that both inequalities (1) and (2) are best possible. Note that +(K∗n) + 1 = −(K∗n) + 1 = n
and (G˜(K∗n)) = n.
Theorem 6. For n3 the following formula holds:
−→2 ′′(K∗n) = n.
Proof. Let V (K∗n) = {v1, . . . , vn}. For the need of the proof for a digraph D we deﬁne a graph G(D) as follows:
V (G(D)) = V (D) × {0} ∪ V (D) × {1},
E(G(D)) = {{(v, 0), (w, 1)} : (vw) ∈ A(D)}.
Instead of ﬁnding a total colouring of the second type of K∗n with n colours, it is enough to ﬁnd a total colouring
with n colours of the graph G(K∗n) such that the vertices (vj , 0) and (vj , 1) are coloured with the same colour.
Consider the complete graph Kn spanned on the vertices v1, . . . , vn. Given a total colouring c˜ of graph Kn, we get
the following desired colouring c of the graph G(K∗n):
c({(vj , 0), (vk, 1)}) = c({(vj , 1), (vk, 0)}) = c˜({vj , vk}), j = k,
c(vj , 0) = c(vj , 1) = c˜(vj ).
We know that if n is odd then there is a total colouring of the graph Kn with n colours (see [5]). This ﬁnishes the proof
in the odd case.
Now we go on to the case when n is even. There is no total colouring of the graph Kn with n colours (see [5]), which
forces us to use some more subtle methods. To ﬁnd a desired colouring with n colours of G(K∗n) it is sufﬁcient to ﬁnd
such n permutations (say 1, . . . , n) of the set {1, . . . , n} that
i (i) = i, (3)
if i () = j () for some , then i = j . (4)
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In fact given permutations fulﬁlling (3) and (4) we get the desired colouring as follows:
c({(vj , 0), (vk, 1)}) = j (k), c(vj , 0) = c(vj , 1) = j (j) = j, j = k, j, k = 1, . . . , n.
Before we deﬁne the desired colouring, let us deﬁne the following permutations:
i = (n n − 1 . . . 2 1) ◦ (i i + 1), i = 1, . . . , n − 2.
The permutations j are compositions of a transposition and an n-cycle. Let n = 2k, k2. The permutations we are
looking for are deﬁned below:
i =
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
ii if 1 i2k − 2,( 1 2 3 4 5 6 . . . 2k − 1 2k
2k 1 k + 1 2 k + 2 3 . . . 2k − 1 k
)
if i = 2k − 1,
(1 2 3 4 5 6 . . . 2k − 1 2k
k k + 1 1 k + 2 2 k + 3 . . . k − 1 2k
)
if i = 2k.
It is evident that 1, . . . , 2k fulﬁl (3).
To verify that the system of permutations satisﬁes (4) assume that
i () = j () (5)
for some i, j, . Our aim is to prove that i = j .
Suppose that i = j . Obviously  = i, j . We shall consider below several cases.
Assume that i < j2k − 2. Note that any permutation i moves  to  − i or  − i − 1 (mod n). This in connection
with (5) gives us that j = i + 1 (recall that i < j ), which implies that i < < j = i + 1—contradiction.
The case i, j2k − 1 is trivial. We are left with the case i2k − 2 and 2k − 1j .
Assume that j = 2k (the case j = 2k − 1 goes along the same lines). Consider now the following cases:
 = 1: Then j (1) = k, so 1 is moved to the left about k + 1. This implies that i = k + 1 or i + 1 = k + 1. In the ﬁrst
case we get i (1) = k − 1 and in the second i (1) = k + 1—contradiction.
=2m, 1m<k: Then j (2m)=m+ k, so 2m is moved about 2m+2k − (m+ k)=m+ k to the left, so i =m+ k
or i =m+ k − 1. In the ﬁrst case i (2m)= k +m− 1, whereas in the second case i (2m)= k +m+ 1—contradiction.
=2m+1, 1m<k: Then j (2m+1)=m, so 2m+1 is moved about 2m+1−m=m+1 to the left, so i =m+1
or i = m. In the ﬁrst case i (2m + 1) = m − 1, whereas in the second case i (2m + 1) = m + 1—contradiction. 
Remark 7. From the proof of Theorem 6 we see that if n is odd, then a total colouring of the second type with n
colours may be chosen to be symmetric in the sense that c(uv) = c(vu). This does not follow any more from the proof
in the even case. This is not accidental, such a symmetric colouring does not exist in that case because it would follow
(compare with the proof of the odd case) that a complete graph with n (n even) may be totally coloured with n colours,
which is, however, impossible—see [5].
Corollary 8. Let D be a digraph with |V (D)|3. Then
−→2 ′′(D) |V (D)|. (6)
Corollary 9. Let T be a tournament with |V (T )|3. Then −→2 ′′(T ) = |V (T )|.
On the other hand, the total chromatic index of the second type may be very distant from the estimates in the formulas
(1) and (2).
Example 10. Let us ﬁx k1. Deﬁne
V (D) = Z2k+1,
A(D) = {(i (i+2k+1r)) : i = 0, . . . , 2k, r = 1, . . . , k}.
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Note that
+(D) = −(D) = k.
Note that D is a tournament. Therefore, −→ ′′(D) = 2k + 1.
Example 11. It is easy to see that (G˜(−→K m,n)) = 2, whereas −→2 ′′(−→K m,n) max{m, n}.
4. Concluding remarks
Let us make in the ﬁnal section some remarks giving the relations of the problems considered in the paper to other
standard problems in graph theory (e.g. the total colouring conjecture), showing what the possible future problems to
deal with could be and let us make comments on complexity of the problems.
Let us start with some additional remarks concerning the estimate of the total chromatic index of the second type.
A total colouring c˜ of the graph G˜(D) induces a total colouring c of the second type of D:
c(u) = c˜(u), u ∈ V (D),
c(uv) = c˜({u, v}), (uv) ∈ A(D).
Note that
(G˜(D)) = ′(D).
Therefore, we have the following estimate for the total chromatic index of digraphs:
−→2 ′′(D)′′(G˜(D)), (7)
where ′′ denotes the total chromatic index.
Note that for any digraph D with d+D(v)d
−
D(v) = 0 for any v ∈ V (D) the following equality holds:
−→2 ′′(D) = ′′(G˜(D)).
We remark that the total colouring conjecture stating that for any graph G we have (see [3])
′′(G)(G) + 2
implies the following upper bound for −→2 ′′(D).
Corollary 12. The total colouring conjecture implies that
−→2 ′′(D)′(D) + 2. (8)
Let us remark that one may ﬁnd a digraph D with arbitrarily large ′(D) such that the inequality (8) becomes the
equality. Take D = −→K n,n and apply the formula
−→2 ′′(−→K n,n) = ′′(G˜(−→K n,n)) = ′′(Kn,n) = n + 2 = ′(−→K n,n) + 2.
On the other hand, consider the following digraph D:
V (D) = {v0, . . . , v2n}, A(D) = {(v0vi) : i = 1, . . . , n} ∪ {(viv0) : i = n + 1, . . . , 2n}.
Then −→2 ′′(D) = n + 1 and ′(D) = 2n. Note that such a digraph D is also an example of a digraph such that the total
chromatic index of the second type may be very distant from the estimates in formulas (6) and (7).
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Picture 3.
Remark 13. Assuming the total colouring conjecture we get that in case of symmetric digraphs there are two classes
of digraphs. The class of symmetric digraphs D with −→2 ′′(D) = ′(D) + 1 and those with −→2 ′′(D) = ′(D) + 2.
Let us remark that complete symmetric digraphs (with at least three vertices) satisfy the ﬁrst equality. An example
satisfying the second equality is given by the digraph K∗2 . Taking the digraph from Picture (3) we get a symmetric
digraph with the maximal degree equal to 2 satisfying the second equality (in the example it is essential that the number
of vertices is not of the form 3l). It would be interesting to ﬁnd for a given number k a symmetric digraph with the
maximal degree equal to k satisfying the second equality.
Remark 14. The computation of ′′1 and ′′2 is provably NP-hard. The results we present here either relate the compu-
tation of ′′1 to another NP-hard problem of computing the chromatic number of a graph (Theorem 1) or give explicit
formulas for certain restricted classes of digraphs (e.g. Corollaries 3 and 4, Theorem 6) in which case the problems fall
trivially into P.
Remark 15. Note that if we allow digraphs to have multiple arcs, then the problem of the (total) colouring of digraphs of
the ﬁrst type reduces to that of simple digraphs (we colour two arcs (uv) with the same colour). The problem of the total
colouring of K∗n with multiple arcs of the second type does not reduce as the previous problem; nevertheless, because
of Theorem 6 and the fact that the chromatic index of the second type of the digraph D equals max{+(D),−(D)}
(see [4]) we may colour K∗n with k-multiple arcs with (n−1)k +1 colours in the following way: we colour the vertices
and one representant of each arc with n colours (use Theorem 6) and the remaining k − 1 representants of each arc we
colour with (k − 1)(n − 1) colours.
Theorem 1 shows that the problem of calculating the total chromatic index of the ﬁrst type boils down to calculating
the chromatic number of the underlying graph. In other words this problem reduces to another standard problem.
Therefore, these are only problems of ﬁnding the chromatic index of the second type that deliver new questions. As
already noted in Remark 13 these problems (in the case of symmetric digraphs) are closely related to the total colouring
conjecture. The most ambitious aim for the future work in this ﬁeld would be to ﬁnd some formulas expressing the total
chromatic index of the second type with the help of some other parameter of the digraph (or the underlying digraph).
Less ambitious aim would be to ﬁnd explicit formulas for the total chromatic indices of the second class of other, than
the ones considered in the paper, classes of digraphs. The author thinks that this may lead to new interesting phenomena.
However, the author’s feeling is that this task may turn out to be a difﬁcult one. The problem that could turn out to be a
simpler one is the one mentioned in Remark 13 on the existence for a given k a symmetric digraph D with the maximal
degree equal to k satisfying the equality −→2 ′′(D) = ′(D) + 2.
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